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Abstract. Watts's Theorem says that a right exact functor F : Modi?. — * 
ModS that commutes with direct sums is isomorphic to — <8>ij B where B is 
the JJ-S-bimodule FR. The main result in this paper is the following: if A 
is a cocomplete abelian category and F : Modi? — > A is a right exact functor 
commuting with direct sums, then F is isomorphic to — <S>_r T where T is a 
suitable i?-module in A, i.e., a pair (T ', p) consisting of an object J 7 £ A and a 
ring homomorphism p : i? — > Hom/((J, J 7 ). Part of the point is to give meaning 
to the notation — <g>ij T . That is done in the paper by Artin and Zhang [l] on 
Abstract Hilbert Schemes. The present paper is a natural extension of some 
of the ideas in the first part of their paper. 

1. Introduction 

Let i? and S be rings and let Modi? and ModS" denote the category of right 
i?-modules and right S-modules, respectively. Watts's Theorem, which was proved 
by Eilenberg [3] and Watts [7] at about the same time, is the following: 

Theorem 1.1. Suppose F : Modi? — » ModS" is a right exact functor commuting 
with direct limits. Then F = — <S)r B where B is an R-S-bimodule. 

Let B(Modi?, Mods') denote the full subcategory of the category of functors from 
Modi? to ModS 1 consisting of right exact functors commuting with direct limits. The 
next result is a slightly more precise version of Theorem ll.il 

Theorem 1.2. The functor * : Mod(i? op ® Z S) -> B(Modi?, ModS) induced by the 
assignment B ^ — <S>r B is an equivalence of categories. 

Theorem II .11 is then just the fact that the functor \& is essentially surjective. 

The main result of this paper (Theorem 13. lj) is that if ModS is replaced by an 
arbitrary cocomplet^ category A, then a version of Theorem 1 1.21 still holds. One of 
the obvious hurdles in proving such a theorem is to have a sensible notion of tensor 
product in this context. We use the tensor product functor that was defined in [6, 
Thm. 3.7.1] and investigated in detail in [1] (see Section [2~4|) . 

In Proposition ^. 2| we specialize our main result to the case that A is the category 
of quasi-coherent sheaves on a scheme Y. This version of the main result is used 
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extensively in [5] to prove a structure theorem for right exact functors between 
categories of quasi-coherent sheaves on schemes. 

2. Preliminaries 

Throughout this paper, fc is a fixed commutative ring, i? is a fc-algebra, and 
7 : fc — > i? is the homomorphism giving R its fc-algebra structure. 

2.1. fc-linearity. Let A be an additive category. We say A is k-linear if for all 
objects X and Y in A, HomA(X, Y) is a fc-module and composition of morphisms 
is fc-bilinear. Equivalently, A is fc-linear if there is a ring homomorphism 

c : k — > End (Ma) 

from k to the ring of natural transformations from the identity functor to itself. 

The first definition tells us that for each object IeA and each a G k there is a 
morphism ax ■ X — > X such that 

(2-1) a Y ° / = / ° a x 

for all a G fc and / G HomA(^, V). The second definition tells us there are natural 
transformations c(a) : idA — > idA for each a G k, and therefore associated morphisms 
c(a)x '■ X — > X for each a G k and X G A. The connection between the two 
definitions is that 

c(a) x = a x 

for all a G k and X in A. 

The fc-linear structure on Modi? is given by 

(2-2) ajf (m) = m.j(a). 

for all M G Modi?, m G M, and a G fc. 

2.2. fc-linear functors. Let C and A be fc-linear categories. A functor F : C — > A 
is k-linear if the natural maps Homc(A', F) — v HomA(i ;1 ^, FF) are fc-linear for all 
X and y in C. Equivalently, F is fc-linear if F is additive and 

F(a Y ) = a FY 

for all a G fc and Y" G Modi?. 
We write 

B fe (C,A) 

for the full subcategory of the category of functors C — > A consisting of fc-linear 
right exact functors that commute with direct limits. We use the letter B to remind 
us of bimodules. 

It is surely well known that an adjoint to a fc-linear functor is again fc-linear but 
we could not find a proof in the literature so provide one for completeness. 

Proposition 2.1. Let C and A be k-linear categories. Let G : A —> C be a functor 
having a left adjoint F. If G is k-linear so is F. 

Proof. Let leC, and let 

v : Rom A (FX,FX) -> Uom c (X, GFX) 
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be the adjoint isomorphism. By the functoriality of the adjoint isomorphisms the 
diagrams 

Hom A (FX, FX) > Hom c (X, GFX) 

-of 



->Hom c (X, GFX) 



and 



-> Home (X, GFX) 



Ggo- 



->Hom c (X, GFX) 



-°Ff 
Rom A (FX, FX) 

Hom A (FX, FX) 

g°- 

Rom A (FX, FX) 

commute for all X in C, all / 6 Homc(X, X), and all g 6 Hom A (FX, FX). 

Let 9 6 HomA^X^X) be an element in the top left corner of the diagrams. 
Let / = ax and g — apx- The commutativity therefore gives 

v{9 o F(ax j) — v{0) ° ax and 
v(a FX o0) = G(a FX ) o v(0). 

But v(0) : X — » GFX is a ^-linear morphism so v(9) o ax = acFX ° v(0). Since G 
is A:-linear, G(a F x) = o>gfx- Hence 

v(9 o F(a x )) = aQpx ° = G(a FX ) ° v{6) = v{a FX ° 9). 

But i/ is an isomorphism so 

9 o F(ax) = a F x ° 

Now take 9 = id F x to get F(ax) = a F x, so showing that F is fc-linear. □ 

2.3. The category Ar. For the remainder of this paper, we let A denote a fc-lincar 
cocomplete category. 

A left R-module in A is a pair (J-, p) where T is an object in A and p : R — > 
EndA^ 7 is a fc-algebra homomorphism. Popescu [6, p. 108] calls (J 7 , p) a left R- 
object of A. Let (J-,p) and (G,p') be left i?-modules in A. We define the set of 
R-module maps from (J 7 , p) to {G,p') to be 

HornR^, Q) := {a € Hom A (J 7 , Q) \ p'(r) o a = a o p(r) for all refl}. 

Using these i?-module maps as morphisms we then obtain a category A#, the 
category of left i?-modules in A. 

Suppose (J-,p) € A.r. If Q e A, then HoniA(^ r , <?) becomes a right i?-module 
through the composition map 

HomACT 7 ,^) x HomA^J 7 ) -» Hom A (.F,0), 



a.r := a o p(r) 

for a £ HoniA^, (?) and r E R. This allows us to view HomA(J, — ) as a functor 
A -► Modi?. 

For each x *E R, let p x : R ^ R be the right i?-module homomorphism p, x ix) '■= 



xr. 
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Lemma 2.2. Suppose F £ Bfc(Modi?, A). Define the ring homomorphism 
p: R^End A FR, p(x) := F(/i x ). 

Then (FR,p) e A fl . 

Proof. To prove the lemma it suffices to show that p is a fc-algebra homomorphism, 
i.e., that (p o 7) (a) = ap R for all a £ k. But 

p(7(a)) = F(p l(a) ) = F(a R ) = a F R, 

where the second equality is due to (|2-2| . Hence the result. □ 

2.4. The functor — ®r T . Recall the standing hypothesis that A is cocomplete. 

Let (T, p) £ A R . By 6, p. 108], the functor HomAfT, — ) : A — > Modi? has a left 
adjointo We fix a left adjoint and denote it by — (£ir T . By [1, Proposition B3.1], 
the functor — ®r T is unique up to isomorphism (of functors) such that 

• R ®r T = J 7 , and 

• — ®_r J~ is right exact and commutes with direct sums. 

Since the functor HomA^, — ) is /c-linear for all T £ A, Proposition 12.11 implies 
the following: 

Corollary 2.3. If (J 7 , p) £ Ar, then — <S>r T is k-linear. 

3. The generalization of Watts 's Theorem 
Theorem 3.1. The functor 

* : A R -> B fc (Modi?,A) 

induced by the assignment 

*(.F) = -(8^^, 

is an eguivalence of categories. 

3.1. The proof that is essentially surjective. 

Proposition 3.2. ^ Let F £ B fe (Modi?, A). Then F = ~® R T where T = FR. 
Proof. Let 9m ■ M — > Hom^J 7 , FM) be the composition 

M Hom fl (i?, M) —^4 Hom A (J c ', FM) 

where Am is the canonical isomorphism m — > A m where A m (r) := mr for all r 6 i?. 
Let 

6 M :M® R T^ fm 
be the map that corresponds to 9m under the adjoint isomorphism 
Rom R (M, Hom A (^", FM)) ^ Hom A (Af ® R T, FM). 

2 It is essential that A be cocomplete for — <g)R T to exist. For example, if R = Z and A 
consists of finitely generated abelian groups and tF = Z, there is no adjoint. But the hypothesis 
of cocompleteness is absent from [6] p. 108] and parts of [T|. 

^After we finished writing this paper we learned that a special case of this result had already 
been proved by Brzezinski and Wisbauer [2] 39.3, p. 410] under the hypothesis that the objects of 
A are abelian groups. 
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We will show that the 8a/s define a natural transformation, i.e., if / : AT — > N 
is a homomorphism of right F-modules, then the diagram 



(3-1) 



M® R T ► N® R f 



FM 



-+FN 



Ff 

commutes. Define r\ : Hom A (J", FM) -> Hom A (F, FN) by 77(g) := Ffog. The left 
and right squares in the diagram 

M Hom fl (F, M) —^4 Hom A (F, FM) 



N ■ 



Uom R {R, N) 



Hom A (f, FN) 



commute, sor)o0 M = 6 N of. 
We now consider the diagram 

Hom(Af, Hom(F, FM)) — 



Hom(M ® J 7 , FM) 



Hom(Af, Hom(F, FiV)) 



Hom(7V, Hom(F, FiV)) 



->• Hom(M <g> F, FiV) 



->■ Hom(iV ® F, FiV), 



whose verticals are induced by / and whose horizontals are the adjoint isomorphism. 
The top and bottom rectangles of this diagram commute by the functoriality of the 
adjoint isomorphisms. The maps 0m and On belong to the top and bottom Horn- 
sets of the left-hand column and their images in Horn (A/, Hom(F, FN)) are the 
same because rj o Om = On f- It follows that the images of m and On in 
Hom(M Cg) F, FN) are the same. In other words, 

Ff o M - ®n o (/ <g> F) 



which proves that (|3-ip commutes and hence that the 0a/s define a natural trans- 
formation 

■■ - ®r T -»■ F. 

Because (F o A_r)(:t) = F(/i x ) = R : R ^> Hoiha(F, F) is the map giving 

F its F-module structure, so the corresponding map 0^ : R ® R F — > F is an 
isomorphism. Since the functors — <g)fl F and F commute with direct sums, ©m is 
an isomorphism for all free F-modules M. Since — ® R F and F are right exact it 
follows that ©m is an isomorphism whenever M is the cokernel of a map between 
free F-modules. But every F-module is of that form so 6m is an isomorphism for 
all M. Hence G is an isomorphism of functors □ 



Proposition 13.21 savs that the functor \I> in Theorem 13. II is essentially surjective. 



4 The argument in the last part of the proof is a result of B. Mitchell. See [2] 39.1, p. 409] for 
more details. 
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3.2. R(g) R — : A R — » A R is isomorphic to the identity functor. Let {J-,p) G 
and let J\f € A. The composition 

(3-2) H,omA(R® R J r ,N) ^ Rom R (R, Hom A (f, AO) - > Hom A ( T, M) , 

where the first map is the adjoint isomorphism and the second is the canonical 
isomorphism ip tp(l), induces an isomorphism of functors 

Hom A (i? ®ij J 7 , — ) — * Hom A (.F, — ) 
which, by the Yoneda Lemma, corresponds to a unique isomorphism 

& : T — R (gift J 7 . 
The next result is a slightly sharper form of [H Prop. B3.1(a)]. 
Proposition 3.3. The diagram 

R<&4> 



(3-3) 



R® R F ■ 
T ■ 



->R®rG 

is 



commutes for all J 7 , Q G A R and all 4> G Homfl(J-", Q). Therefore, the maps ^ 
provide an isomorphism 

£ : id Afl — ► (R®r -) 

of functors. 

Proof. By the Yoneda lemma, the commutivity of (|3-3|) is equivalent to the con- 
dition that for all TV G A the outer rectangle in the diagram 



(3-4) Kom A (R® R F,Af)<r 



-o(fl®0) 



~H.om A (R® R G,N) 



Rom R (R,Rom A (-F,Af)) -f- 



Homfl(i2,Hom A (a,A0) 



Hom A (J 7 , AT) f- 



Hom A (<7, A/") 



— 

commutes, where the vertical arrows are the factorizations in (|3-2p that are used 
to define £f and £5, and 

r(<0)O) : = ^0) 

for all a; G i? and ^ G Homfl(i2, Hom A (Q , J\f)) . 

The uppermost square of (|3-4[) commutes by functoriality of the adjoint isomor- 
phism. Going clockwise around the lower square, the image in Hom A (^-", AT) of 
t/j G Hoixifl(i?, Hom A ((/, A/")) is ° <fi. Going counter-clockwise around the lower 
square, the image of xj) in Hom A (.F,A/") is T(t/j)(l) = xp(l) o <f>. Hence the lower 
square commutes. 

It follows that the outer rectangle commutes. □ 
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3.3. The proof that ^ is full. Let T and Q be objects in Ap and let <f> € 

Homp^, Q). Because (|3-3|) commutes R <E> 4> is non-zero if 4> is non-zero. Hence ^ 
is faithful. 



3.4. The proof that is faithful. To complete the proof of Theorem 13. 1[ it 
remains to show that VP is full. To that end, let 

t : - ® R T ^ ~ ® R Q 

be a natural transformation. We must show there is a homomorphism <fi £ Hom^(J r , Q) 
such that t m = M ® for all M e Modi?. 
Define 

</> : = Cc? 1 ° T i? ° fr- 



it follows from the commutativity of (|3-3p that i? Cg) </> = Tp. By Lemma KT41 below, 
it follows that M ® <p = T Af for all A/ 6 Modi?. In other words, *((/>) = r. 

Lemma 3.4. Let C fee an abelian category and let F, G : Modi? — > C fee rig/ii exact 
functors that commute with direct sums. Let t,t' : F — > G fee natural transforma- 
tions. If tr — t' r , then t = t' . 

Proof. Let Mi, i G i, be a collection of right i?-modules. Then there is a natural 
map 

and the fact that F commutes with direct sums says that this map is an isomor- 
phism. By the universal property of colimits, there is a commutative diagram 



©, e/ GM >G(e ie/ Ai, 



Since the horizontal maps are isomorphisms, if tm ; 



'Mi 



for all i, then 



r ©Mi 



(BMi • 



In particular, it follows that rp = t p for all free i?-modules P. 

Let M be a right i?-module and let P — » Q — > M — > be an exact sequence in 
which P and Q are free i?-modules. Then there is a commutative diagram 



FP- 



^FQ- 



-> FM ■ 



->0 



GP- 



^GQ- 



-> GM ■ 



-+0, 



and a unique map FM — > GM making the diagram commute, namely rj,f. Since 



Tp = Tp and tq = t'q, it follows that tm = Tj 



M ■ 



□ 
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4. An application 
Throughout this section, let X denote a /c-scheme. If X — Spec R, we let 

(-) : Modi? -> QcohX 

be the quasi-inverse to the global sections functor defined in [H II, Definition, p. 
110]. 

Example 4.1. Let / : Y — ► X be a morphism from an arbitrary scheme to an 
affine scheme X = Spec R. Then /* o (— ) : Modi? — > QcohY" is a right exact functor 
commuting with direct sums. Proposition 13. 21 savs that /* o (— ) = — tgi^ Oy where 
Oy is made into an i?-module via the ring homomorphism 

R -> Hom fl (i?,i?) -> Rom Y (f*O x J*Ox) -> Homy(0y,0y) 
where the first map sends r E R to multiplication by r, the second map is induced 
by /* o (— ) and the third isomorphism is induced by the natural isomorphism 

ro x -o Y . 

The motivation for this present paper lies in our paper [5]. There we consider 
fc-schemes X and Y and fc-linear functors F : QcohX — > Qcohy that are right exact 
and commute with direct sums. One source of such functors is the following. Let 
J- be a. quasi-coherent sheaf on X x^Y, and define 

(4-1) -®Ox^:=Pr 2 *(pri(-)«'Oxx t r^) 
where pi^ : X Xfc Y — ► X, Y, i = 1, 2, are the obvious projections. 

Two warnings are necessary. First, a functor of the form — ®o x ^ IS n °t always 
in Bfc(QcohX, QcohF). This happens, for example, if Y = Specfc, X — and 
T = O x *Y =T(X,-). 

Second, an object in (QcohX, QcohF) is not always isomorphic to one of the 
form — ®o x J~ • F° r example, when Y = Spec k and X = F\, the functor H 1 (X, — ) 
is not of this form O Proposition 5.4]. 

The question motivating [5] is whether F is isomorphic to a functor of the form 
— <S>o x J~ . It follows from Theorem 13.11 that this is always the case if X is affine, 
as we now show. 

Proposition 4.2. Let R be a commutative k-algebra and Y a k-scheme. Write 
X := Speci?. Then the inclusion functor 

Qcoh(X x fc Y) -» Bfc(QcohX, QcohF), T ^ - ® Qx 

is an equivalence of categories. 

Proof. By [H II, exercise 5.17e], the functor 

pr 2 „ : Qcohpf x k Y) -» Qcoh(pr 2 , X x k y) 

is an equivalence, where Qcoh(pr 2>t Oxx k y) denotes the category of quasi-coherent 
Oy -modules with pr 2 „ Oxx fc y-niodule structure. Furthermore, it is straightforward 
to check that the functor 

Qcoh(pr 2 „ Oxx kY ) -» (QcohF) fi 

induced by the assignment £ t— > (£,p), where p : R — > Homy(£,£) is defined 
through the pr 2t Ojc Xfc y -structure of £, is an equivalence. By Theorem 13.11 the 
functor 

(QcohF) fl -> B fc (Modi?, QcohF) 
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induced by the assignment (£, p) i— > —®r£ is an equivalence. Therefore, the functor 

Qcoh(X x k Y) -> B fe (Mo<±R, QcohY") 

induced by the assignment T ^> — ®r V x 2* J~ i s an equivalence. By the uniqueness 
properties of the functor — ®r£ described in Section [2.4[ we have an isomorphism 
of functors 

- ®R pr 2 * F > {-) ® 0x T 

in Bfc(i?, Qcohy). It follows that the functor 

Qcoh(X x fe Y) -> B fc (Modi?, QcohF) 

induced by the assignment T (— ) ®o x J~ is an equivalence. The claim follows 
easily from this. □ 
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